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This paper studies the regularized learning algorithm associated with the least-square loss and reproducing
kernel Hilbert space. The target is the error analysis for the regression problem in learning theory. The
upper and lower bounds of error are simultaneously estimated, which yield the optimal learning rate. The
upper bound depends on the covering number and the approximation property of the reproducing kernel
Hilbert space. The lower bound lies on the entropy number of the set that includes the regression function.
Also, the rate is independent of the choice of the index ¢ of the regular term.

Keywords: learning theory; regularized scheme; reproducing kernel Hilbert space; rate of convergence;
lower bound

2000 AMS Subject Classifications: 68T05; 62J02; 41A17

1. Introduction

This paper discusses the least-square regularized algorithm for the regression problem. The
primary goal is to provide the optimal estimate of the generalization error of the least-square
regularized algorithm. The obtained learning rate is not affected by the choice of the index ¢ of
the regular term.

In the past decade, learning theory has become a popular research subject and is attracting more
and more attention from many fields of scientific research. The universality of learning theory
naturally stimulates the current intensive study of the subject. In the study, one of the basic and
significant characteristics is the regression problem. In 2001, Cucker and Smale [5] listed some
useful mathematical methods in learning theory. They indicated that the least-square regularized
algorithm was the most popular one in learning theory. Recently, the convergence has become an
active research topic for the regression problem. In 2006, Wu et al. [19] considered the regularized
learning algorithm associated with the least-square loss. A novel regularization approach of the
error analysis for the regression problem was introduced. In 2007, Caponnetto and DeVito [3]
developed a method of theoretical analysis of generalization performances of regularized least
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squares on RKHS for supervised learning. Some other investigations on this topic can also be
found in Zhou and Jetter [23], Tong et al. [15], Li and Wang [8], Dong and Zhou [6].
The more investigations mentioned above are related to the least square algorithm:

J1¢
foz € argmin § le(yi — f@D?+ Al fI

We also notice that Steinwart et al. [13] studied the algorithm for some constant ¢ > 1:

) 1E 2 4
foq € a1 min ;;m — FO)? + Al f I

They used the eigenvalues of the associated integral operator as a complexity measure, and
obtained an asymptotical optimal learning rate which was independent of the choice of index
q. However, for the general integral operator, the computation of its eigenvalues is extremely
difficult. On the other hand, we know that the covering number is often used as a complexity
measure in learning theory (see [4,7,9,21,22]). Therefore, we first use, in this paper, the covering
number of the reproducing kernel Hilbert space as a measurement tool and estimate the upper
bound of the learning rate. Then, we introduce the entropy of set to estimate the lower bound
of the learning rate. Especially, the obtained upper and lower bounds have the same degree of
approximation, which yield the optimal learning rate in the asymptotical sense.

The paper is organized as follows. In Section 2, we simply review the regularized learning
problem. In Section 3, we introduce the regularization error and its decomposition. Section 4
estimates the sample error. The obtained bound in connection with the regularization error leads
to the estimation of the generalization error. In Section 5, we give the corresponding lower bound
of the learning rate. Finally, we conclude the paper with the obtained results.

2. Review of theregularized learning problem

Let (X, d) be a compact metric space and let Y = R. Let p be a probability distribution on Z =
X x Y and (X, )) be the corresponding random variable. Denote by z = {z;}"; = {(x;, y)}i, €
Z™ a set of random samples, which are independently drawn according to p. Let px and p(y|x)
be the margin probability measure and condition probability measure of p, respectively. The
generalization error for a function f : X — Y is defined as

E(f) = /Z (f(x) — y)?dp. 1

The function f,, that minimizes the error (1) is called the regression function. It is given by

fp(X)zfyydp(yIX), xeX. 2

In this paper, we assume that for some M > 0, p(-|x) is almost everywhere supported on
[—M, M], thatis, |y| < M almost surely (with respect to p). It follows from the definition (2) of
fo that | f,(x)| < M forevery x € X.

Basically, learning processes do not take place in a vacuum and some structure needs to be
confirmed at the beginning of the process. Usually, this structure (which is called hypothesis
space) is taken the forms of functions (e.g. polynomial space, continuous function space, etc.).
The goal of the learning process is to find the best approximation of the regression f, within the
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hypothesis space. A well-known hypothesis space is RKHS. It has been mentioned and used in
some published works, such as [11,12,18,19,23].

If Hx is one of RKHS, it is associated with the kernel K defined [1] to be the closure of the
linear span of the set of functions { K, = K (x, -) : x € X} withthe inner product (-, -) ¢ satisfying
(Ky, Ky)k = K(x,y)and

(Ky, flxk = f(x), VxeX, feHk. @)

The equality (3) is called as the reproducing property of the kernel K.

Let K : X x X — R be continuous, symmetric and positive semidefinite, i.e. for any finite set
of distinct points {x1, x2, ..., x;} C X, the matrix (K (x;, xj))ﬁ’jzl is positive semidefinite. Such
a kernel is called a Mercer kernel.

Let C(X) be the space of continuous functions on X with the norm | - ||. According to
Equation (3), we can obtain

[ fllo =l fllk, Vf€Hk.
Here k = sup, .x v K (x, x).
In the paper, we consider the following least-square algorithm in H:

e
fo= foq € 2rg min - ;(f(x,-) — )2+ A FIE L (4)

where g > 1 is some constant. According to Scholkopf et al. [10], we know that there exists a
unique f, in Hx satisfying Equation (4) and having the following form:

m
fZ,q: E ain,v»
i=1

where ay, ay, ..., a, € R are the suitable coefficients.
If the empirical error is defined by

1 m )
&(f) =~ l;(f(xi) -2
then the corresponding problem can be represented as

Jz= fzq =219 qui?K &+ 2%}

Here 1 > 0 is a constant called the regularization parameter. Usually, it depends on the sample
number m. In another word, A = A(m). Moreover, it must satisfy lim,, .o A(m) = 0.

By our assumption, f,(x) € [-M, M]. Thus, it is natural for us to restrict approximating
functions onto those supported on [—M, M].

DEerFINITION 1 (see [19]) The projection operator my, is defined on the space of measurable
functions f : X — R as

M if f(x)> M,
au()x) = fx) if =M< f(x) <M,
-M if f(x) <—-M.
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In this paper, we take 7 ( f2,,) as our empirical target function. The efficiency of the algorithm
(4) is measured by the mean square error between m (fz,) and the regression function f,.
According to the definition of the regression function f,,, we can obtain

/X(ﬂM(fz,q)(X) — [ dox = EGu(frg)) — E(f).

3. Regularization error and approximation

Here, we would expect that the minimizer of the regularized empirical error, 7 ( f34), is a good
approximation of the minimizer f,, of the generalization error £(f),asm — oo,and A = A(m) —
0. This is actually true if f, can be approximated by functions from # ¢, measured by the decay
of the regularization error defined as

D, (1) = inf {IIf - L2+ A F1%)-
Thus, the generalization error £(muy (f24)) — £(f,) may be divided into

E@u(f2q) = Ep) < {E€@M(f29) — Exu(f29) + E(fkg) — E(fr.)} +Dy(M),  (5)

where the function fx , depends on X and is defined as
fi.q = arg min [EO +AIfI%)
In fact,

E@m(f29)) = E(fp) < E@M(frq)) — E(fp) + Ml frqll
= E@u(frq) — E2m(frg)) + E2(Tm (f2.0)) + M frg s — E(fk.q)
— Mifx gk +E(fr.q) — E(fr.q) + Dy(h)
< {E@mm(fzg)) — ETu(f2q)) + E(fk.q) — E(fr.0)} +Dy(M).
Here, we used the definition of f;, and the operator s, in the last inequality.
The first term of Equation (5) is called the sample error, and the second one, which measures
the approximation ability of #x for p, is called the regularized error. It has been well understood

in [11,12]. The rate of the regularization error is not only important for estimate D, (1), but also
crucial for bounding the sample error.

DErFINITION 2 (See [18]) We say that the probability measure p can be approximated by H g with
exponent 0 < B < 1for ¢ = 2 if there exists a constant cz such that

Dy(h) < cgrf, Vi >0.

From Definition 2, we see the following Lemma 1 in [13]. Here we give the proof in another
way.

LEmMMA 1 Forany 1l < g, we have

2B+q(1— _
Dq()») < 20;/( B+q( ﬁ))AZﬁ/(Zﬁ-&-q(l B
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Proof From the definition of D,(A*), we have

Do(A*)
)\'*
E(fx2) — E(f,) < cp(WHP.

< 2 Eb2,

| fx2llg <

Then
Dy(x) = inf (E(f) = E(f) + 21/ )
< E(fx2) — Efp) + M fr 2l
< s + AckP D2,
When ¢s(2*)F = Ach/?(1*)7~D/2, we can obtain

A = C;}‘]*Z)/(ZﬂJrl](1*,3)))\2/(2;3+q(17ﬂ)).

Therefore,
D, ) < 26%/(2/%(1(lfﬂ))A25/<2ﬂ+q(1f,3)).

The proof of Lemma 1 is completed.

4, Bounding the generalization error

In this section, we will give the sample error in Equation (5). The obtained error together
with the regularization error in Section 3 will lead to the estimation of the generalization error

E@m(fzq)) — E(fp)-
In fact, according to the first part of Equation (5), we obtain

g(nM (qu)) - gz(JTM (qu)) + gZ(fK,q) - g(fK,q)
= {&(fk.g) — &)} —{E(fk.g) — EUp)}
H{E@M(f24)) — E(fo)} = {&(mm(f2.q9)) — E(fo)}- (6)

In order to estimate the sample error, we need to introduce some probability inequalities.
Let & be arandom variable on a probability space Z with mean E (&) = u variance 0%(&) = o2,
and satisfying |£(z) — E(£)| < M for almost all z € Z. Then for all £ > 0 (see [16])

1 & me?
Prob;ezn {’”_1 gé(z» —pl = e} < EXp{_2(02+(1/3)M§e) } (7

We first estimate the first part of Equation (6).

ProrosiTiION 1 For 0 < § < 1, with confidence at least 1 — §/2, there holds

4k (Dy (M) /1)1 + 36M?

m

2
{€(fkq) = ESp)} —{&(fk.g) — Efp)} = log 5 T Da).
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Proof From the definition of D, (%), we get

M fr gl < Dg(b).

It follows that

Dq(}") 1/q
I fxqlloo <kl frqlle <& . :

For& = (fk.q(x) — fo (X)) (fix.q(x) + fo(x) —2y) and | f,(x)| < M, we have

D,(0)\"*
|s|s(||fK,q||oo+M>(||fK,q||w+3M>5c=<K< ‘;f )) +3M> .

Hence
1/q 2
£ —E@®)| <2 <K (@) + SM) e

Moreover,
EE) < Il fx.q — Fol2(1 frqlloo + 3M)2,
which implies that
02 < E(? <ceD,(0).

Now we apply the inequality (7) to & = (fx.q(x) — fo (X)) (fx.q(x) + fo(x) — 2y). It asserts
that for any ¢ > 0,

l m
EE) - —) &) <e
i=1

with confidence at least

1—ex ms”
- {_Zc(Dq M) + (2/3)e) } '
Setting

ox me? 0
Pl 2e0, 0+ 2/30) | ~ 2
we solve the above equation, and obtain its positive solution

ot (2¢/3)log(2/8) + \/((2c/3) 109(2/8))? 4+ 2cm log(2/8) D, (1) - 2clog(2/9)
- m

~ + D, ().

Combining with ¢ = (x (D, (x)/2)7 + 3M)?, with confidence at least 1 — §,2, there holds

4ic?(Dy (1) /)4 + 36M2
3m

2
{g(qu) - 5(fp)} - {5z(fK,q) - gz(fp)} =< IOQ g + Dq(A)'

The proof of Proposition 1 is completed. |
In the following, we estimate the second part of Equations (6). Because the random variable

& = (my(fr.e)(¥) — ¥)? — (f,(x) — y)? involves with the sample z, the estimation is difficult.
We thus solve it by using the covering number.
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DErFINITION 3 For a subset F of a metric space and ¢ > 0, the covering number N (F, ¢) is
defined to be the minimal integer / € N such that there exist / disks with radius ¢ covering F.

Let B = {f € Hk : || fllx < R}. Then By is a subset of C(X), and we denote the covering
number of the unit ball B, as

N(@E) =N(By,e), &>0.

DErINITION 4 (see [18]) The RKHS H is said to have logarithmic complexity exponent s > 1
if there exists a constant ¢, > 0 such that

log N (e) < ¢ <Iog <%))A . (8)

The covering number has been extensively studied, see, e.g. [2,9,17,21,22]. We denote by N (1)
the covering number of the unit ball of Hx in X. In particular, we know that for the Gaussian
kernel K (x, y) = {—|x — y|?/o?} with ¢ > 0 on a bounded subset X of R, Equation (8) holds
with s = n + 1, see [21].

To bound the term {E(mux(frq) — E(fo)} — {E&(mm(f2q)) — E(f,)} in Equation (6) con-
cerning the random variable & = (7 (f2,4)(x) — ¥)? — (f,(x) — y)?, we need the probability
inequality (see [19,23]).

LEMMA 2 (see [16]) Let & be a random variable on Z with mean . and variance o2. Assume that
w <0, — u| < Balmosteverywhere, and E (£%) < c; E£, thenforeverye > 0,and0 < o < 1,
there holds

w—Q/m) Y E(z) o’me
Probgezn { Jite > aﬁ} < exp {_—Zc,; @3B } .

For a function g on Z, denote E(g) = [, g(z) dp.

LemMa 3 (see [16]) Let G be a set functions on Z such that for some ¢, > 0, |[g — Eg| < B
almost everywhere. If E(g?) < ¢, E(g) for each g € G, then for every ¢ > 0,and 0 < & < 1,

Prob;czn {Sup E() —(A/m) ) s, 8()

P N AOET 2404\/5} fN(Q,ozs)eXp{
g€

B olme
2¢, + (2/3)B

TueoreM 1 Forall ¢ > 0 and R > 0, we have

Pr10Dy g { sup £ = E(fy) — Ealru(£) = EFy) _ \/g}

feBg VE@u(f) —E(fp) +¢
& 3me
=1-ep {IogN(16KMR) " 2048M2 } ‘

Proof Consider the function set Fx defined by

Fr={@@u(f)x) = y)* = (fo(x) = y)*: f € Bg},
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where Bg = {f € Hk : | fllx < R}. Each function g € F has the form g(z) = (T (f)(x) —
)2 — (f,(x) — y)? with f € Bg, and satisfies E(g) = E(mu (f)) — E(f,) > 0, where
8(2) = @u(Hx) = )2 = (£, = 9)? = @u(H@) = feN @ () + fp(x) = 2p).
Since |y (f)(x)] < M and | f,(x)| < M almost everywhere, we obtain
lg(z)| <2M x 4M = 8M?.
Therefore, we have |g(z) — E(g)| < 16M? almost everywhere, and
E(g%) < 16M?E(g).

We take ¢, = 16M2. Applying Lemma 3 with « = 1/4 to the function set F, for every ¢ > 0,

with confidence at least
e 3me
L= (Fr 7)o {_2048M2 } ’

there holds
Emu(f) —Efp) — (E(mm () — E(fp)) < /e

Su
par's JEn () =2, T &

According to the definition of function g(z), we know
181(2) — &2 = |lrm (fO(x) — Tp (f2) (O112y — p (1) (X) — w1 (f2) ()]
< () = T (f) N2y — 7w (f1)(x) — Tp (f2) (0]
<4M| f1(x) — f2(x)].

Therefore,
g1 — 82l < 4M| f1 — falloo < 4Mk| f1 — f2llk,
which implies that

Iog/\/(g, %) = 'OgN(BR’ 16/iM) = '°9N<16K8MR)'

The proof of Theorem 1 is completed. |

From Theorem 1, we know that there holds with confidence at least 1 — log NV (¢/16«x M R)
exp{—3me /2048 M?}

E@u(frg) — Efo) — Exm(frg)) — Eo(f0)) < Y2 /Emm(fry)) — E(f,) +&.

Recalling the elementary inequality

ab < %(az +b%, Va,beR,
we find
1 1
Emu(frg)) — E(fp) — (E(mm(frq)) — E(fp)) < S+ s (Eamnfrg) —E(f) +€).

With confidence 1 — log N (e /16« M R) exp{—3me /2048 M?}, there holds

1
En(faq)) = E(fp) = (&(mu(faq)) = E&(fp)) e+ 5 (E@m(fr) = ES) -
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We need to consider the positive solution e of the following equation

e ) 3me

hie) = IOgN(lGKMR T 2048M2°

Since h : Rt — R is astrictly increasing function, ep < &* if h(s*) < log(§/2) .
For ¢ > 2048M? log 2/3m, we get

48«MRm | 2048M?2°

2
b < IOgN<2048M log 2) 3me

Thus, if we take &* to be a positive number satisfying e* > 2048 M? log 2/3m and the following

inequality
2048M? log 2 3me )
lo — <log =
gN( 48 M Rm ) 2048M2 = 97’

then h(e*) < log(8/2).
Since the inequality satisfied by £* can be written as

_ 2048M? log N (2048M? log 2/48« M Rm) — 2048M° log(2/$) -

¢ 3m 3m

We can choose

o 2048M? log N' (2048 M2 log 2/48k M Rm) N 2048M? log(2/8) - 2048 M2 log 2
o 3m 3m - 3m ’

And take

. < 2048M? log N (2048 M? log 2 /48« M Rm) N 2048M? log(2/8)
R = .

3m 3m

Let us find a ball Bz which contains f;, forall ze Z".

Lemma 4 Forall A > 0 and all almost z € Z™, there holds

MZ 1/q
| fzqllx < <T) .

Proof From the definition of £, ,, we know that

M frgllh < E(frg) + Ml frgllh < E(0) +0 < M2,

M2 1/q
| fzqllx < (T) .

The proof of Lemma 4 is completed. |

Therefore,

Combining with Proposition 1, we can obtain the following Corollary 1.
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CorROLLARY 1 Forall0 < § < 1, let R = (M?/1)Y/4. With confidence at least 1 — 8, there holds

8k2(D, (M) /M) +T2M? 2
et /3m log 3 + 4D, (1)

N 4096 M2 log V' (2048 M? log 2019 /48« M2/ )
3m

E@m(fzq)) —Efp) =

4096 M2 log(2/8)
+—
3m

From Corollary 1, we obtain the following Theorem 2.

THEOREM 2  For the function f;, defined by Equation (4), we have

E /X (T (fr)(x) — f(x)? dpx

_ 8192M? log NV (2048 M? log 2117 / 48k M 1H+2/D ) N 8K2(Dq ) /09 + T2M?
- 3m 3m
4096 M2

log2

+4D, () +

log 2.

Proof Let

| _ 409602 log N (2048 M7 0g 224/ /48ic M2/ m)

4D, (A),
3m + 4Dy (%)

and

B_ 8k2(D, (M) /1)Y1 + T2M? N 4096 M? log N'(2048 M2 log 2114 / 48k M 1+2/D )
3m 3m
4096 M2

3m

3

Corollary 1 tells us
2
E(mu(frg) —E(fy) < A+ Blog 3

Setting e = A + B log(2/8), we get § = 2exp{(s — A)/B}. Fort > (24M?/m) log 2, we obtain
E/ (Tn (frg) () — fo(x)?dpx = /O Prob{&(mu (f2.4)) — E(fp) = €} de
X
o0 e—A A—t
< t-|—/t 2exp{T}ds =t+ZBexp{T},

where the first inequality is obtained from [20]. The above expression is minimized for

8192M2 log \' (2048 M2 log 211/4 /48K MA+2/)
t=A+Blog2= 0g M 0g 2A711/48k m)

3m

8k2(Dy (M) /M) +T72M? 4096 M 24M?
+ KDy ()T log2 +4D, () + log2>

log 2.

3m
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Therefore, we have

E fx T (fr)(x) — fo(x))? dpx

- 8192M? log N (2048 M? log 201/ /48 M 1+2/0 ) N 8k2(Dy (M) /1)1 + T72M?
- 3m 3m

4096 M2
+4D,(0) + .

The proof of Theorem 2 is finished. ]

CoRrOLLARY 2  Let the function f;, be given by Equation (4). When the covering number A (1)
satisfies Equation (8) and the kernel function K satisfy Definition 2, then we can define a sequence
of regularization parameters

Ay = m—@BTaA=P)/2

such that there holds

c logm)*
2+3(g )’
m

E/(ﬂM(qu)(x) — f,(x))?dpx < % 4
X m

— C
m
where c; = (32«2 /3)c @P TN | g/ @PHaATN o) — 4168M2/3+ 2 (4 + log -+ (1+2/q)
log M)*, c3 = (28 +q(B = B))/q)"

An interesting observation from Corollary 2 is that the obtained learning rates do not depend
on the choice of g. In the next section, we will illustrate that the above upper bound is optimal.

5. Thelower bound of thelearning rate

In the following, we show that the learning rate obtained in Corollary 2 is optimal. We now briefly
introduce the entropy number of set.

DEFINITION 5 (see [14]) Let E be a Banach space, and F C E be a bounded set. Fori > 1, the
ith entropy number ¢; (F, E) of F is defined to be the infimum over all ¢ > 0 such that there exist
X1, X2, ..., X2i-1 € F with

i—

1
F C U?Zl(xj +£BE),
where Bg denotes the closed unit ball of E.

The following theorem gives the lower bounds of learning rates based on [13,14].

THEOREM 3 Let v be the distribution of X, ® is a compact subset of L,(v) such that ® C
(1/4)U(C(X)). Assuming that there existsa 8 € (0, 1), ¢1, c2 > 0 such that

ci ? < e (@, Ly(v)) < i P,

Then for all algorithms .4 defined by Equation (4) there exists a distribution P on X x [—-M, M]
satisfying Py = v and f, € © such that

1 B
E/ (i (frg) ) = fo(x))*dpx > C1 (—) ,
X m

where C; is a constant.
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We note that we do not impose direct restrictions on the measure v in Theorem 3. For example,
in [14], v may be any Borel measure defined on X. However, we impose indirect assumption by
the entropy number of the set ©. It is clear that the parameter r controls the size of the compact
subset ®. The bigger » the smaller the compact subset ®. Therefore, the parameter r affects the
rate of decay of learning rates.

The proof of Theorem 3 is based on the following Lemma 4.

LeEMMa 5 (see [13]) Let v be a distribution on X, and ® C L,(v) such that || |l < M/4 for

all f € ® and some M > 0. In addition, assume that there exists an » € (0, 1) such that
ei(®, Lay(v)) ~i ="
Then there exist constants &g, c¢1, ¢ > 0 and a sequence {g,,} with

g, ~ m~2@)

such that for all learning methods A defined by Equation (4) there exists a distribution P on
X x Y satisfying Py = v and f, € ® such thatforalle > 0andm > 1

P"(2: EGru(fug) — Efp) = 6) = {i" ite <em,

e 2 ifg>g,,
where f; is the decision function produced by .4 for a given training set D.
Our next goal is to apply Lemma 4 in the proof of Theorem 3.
Proof of Theorem 3  Since the set ® satisfies
c1ii P < ei(©, Ly()) < eai P,
we apply Lemma 4 with r = (2 — 8)/8, and know that there exists a sequence {e,,} with
Em ™~ m~P

such that for f, € ®

8o, ife <eg,,

cre= 2 ifg > ¢g,.

P™(z: E(mm(f)) —E(fp) =€) = i
Using the above inequality, we get
E [ () 0) = £, dox = /O PPz Ety(fog)) — E(f,) = &) de
X

B
cr . 1
e CoMmey, Z al= .
mcy m

From Corollary 2 and Theorem 3, we know that for f, € © and the covering number satisfying
Equation (8) there holds with enough large m > 0

Em o
> / ede + 01/ e " de = §ge,y +
0 &

“m

1 B 1 B
C1 <—> < /(ﬂM(fz,q)(X) — fo,(x)?dox < C, <—> . u
m X m
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6. Conclusions

In this paper, the explicit upper and lower bounds of the learning rate have been derived by using
general regularized least-square schemes in RKHS. In particular, a good estimation of upper bound
of the convergence rate was achieved by the covering number and the approximation property
of RKHS. The lower bound was given by the entropy number of the set which contained the
regression function. To our knowledge, these bounds have improved previous known bounds on
this topic. The results obtained showed that for the covering number and approximation property
of RKHS satisfying some assumptions, the estimations for rates of convergence are optimal.
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